We prove a decomposition into generalized bubbles for Palais-Smale sequences associated with potential energy functionals for vector-valued function spaces. The study is motivated by the compactness question for solutions of critical potential systems, for which the existence problem was recently addressed. We also present some examples of the existence of radial generalized bubbles.
Introduction and main results
In 1984, Struwe established a compactness result for the well-known Brézis-Nirenberg problem [40]  − u = |u| 4 n−2 u + λu in Ω u = 0 on ∂Ω,
where λ is a real parameter. Throughout this paper, Ω ⊂ R n denotes a smooth bounded domain for n ≥ 2.
Our starting point is the following well-known existence result due to Brézis and Nirenberg [11] . This is a central result in the theory of elliptic equations as it addresses the existence of solutions for boundary problems involving critical Sobolev growth, which in turn leads to a loss of compactness from a variational viewpoint.
Knowing Theorem A, Struwe investigated as a particular case the behavior of bounded solutions in W 1,2 0 (Ω) for (1). Before we state his main result, we first describe some notations.
For each 1 < p < n, the Sobolev space W 
We refer to x α and r α as the centers and weights of the 1-bubble (B α ) α , respectively. We can write any positive solution u of (2) as [13, 37] u(x) = a n−2 2 u 0 (a(x − x 0 )) for all a > 0, where
Struwe's main result [40] concerns decomposition into 1-bubbles for Palais-Smale sequences associated with the energy functional of (1), namely, E λ (u) = 
Subsequent to the work by Brézis and Nirenberg [11] , much effort has been devoted to other questions and extensions of (1) [41, Chapter 3] . The literature contains many discussions of this issue [3, 12, [15] [16] [17] [18] 23, 28, 29, 39] .
A particular extension that has been extensively investigated is Several papers provide more details on the existence problem for (3) with p ̸ = 2 and other interesting questions [2, 4, 21, 27, 31] . Inspired by Theorem C, Mercuri and Willem [35] extended Theorem B to problems of the type (3). To state this, we consider again sequences (x α ) α ∈ Ω and (r α ) α of positive numbers such that r α → +∞ as α → +∞. A 1-bubble of order p is simply a sequence (B α ) α of functions
Analogous to the case p = 2, x α and r α denote the centers and weights, respectively, of the 1-bubble (B α ) α of order p.
Solutions of (4) have been classified by Ghoussoub and Yuan [30] and by Damascelli and co-workers [19, 20] for the special case of positive radial solutions. Precisely, any positive radial solution u of (4) is of the form
The main result of Mercuri and Willem [35] concerns decomposition into 1-bubbles of order p for Palais-Smale sequences associated with the energy functional of (3):
When the Palais-Smale sequence is non-negative, their main result yields the following theorem. 
Barbosa and Montenegro [5] established an extension of Theorem C dealing with potential (or gradient) elliptic systems, namely systems of the form Barbosa and Montenegro also presented some classes of potential systems that admit non-negative solutions [5, Section 5] . By a non-negative map, we mean one in which each coordinate is non-negative.
When k = 1, note that (5) takes the form (3), since modulo constant factors F (t) = |t| p * and G(t) = λ|t| p . In particular, in this case, the conditions M G < λ 1 and G(t 0 ) > 0 assumed in Theorem E correspond to λ < λ 1 and λ > 0, respectively. When k > 1, there are many homogeneous potential functions. The following are canonical examples.
1/q is the Euclidean q-norm for q ≥ 1, π l is the lth elementary symmetric polynomial, l = 1, . . . , k, ⟨·, ·⟩ denotes the usual Euclidean inner product, and A = (a ij ) is a real k × k matrix.
Our main goal in this paper is to derive a compactness theorem for bounded non-negative solutions in the Sobolev
(Ω) with respect to the product norm of (5) for the full range 1 < p < n.
For this, we introduce the notion of generalized bubbles, the so-called k-bubbles of order p, and prove a factorization into k-bubbles of order p for Palais-Smale sequences associated with the energy functional of (5). Our theorem works well for bounded non-negative solutions of a family of potential systems whose corresponding potential functions converge in some sense to F and G.
Consider the Sobolev
n endowed with the product norm.
Obviously, we have W
We begin by taking sequences (x α ) α ∈ Ω and (r α ) α of positive numbers satisfying r α → +∞ as α → +∞. We define a k-bubble of order p as a sequence (B α ) α of maps
obtained by renormalization of a nontrivial solution
As before, we call x α and r α the centers and weights, respectively, of the k-bubble (B α ) α of order p.
Our main result establishes a decomposition into k-bubbles of order p for non-negative Palais-Smale sequences associated with the following energy functional of (5): Note that Theorems B, D, and 1.1 provide compactness results for bounded sequences of non-negative solutions of (1), (3), and (5), respectively, since any such sequences are Palais-Smale sequences to each corresponding energy functional.
A more general fact for the compactness of the solutions can be stated as a consequence of Theorem 1.1. 
Then there exists a solution u
The proof of this corollary is quite simple. It suffices to note that the convergence of (F α ) α and (
Compactness problems in PDEs still attract considerable interest, such as for singularly perturbed critical elliptic equations on bounded domains [14] , critical anisotropic equations on bounded domains [32] , critical elliptic equations on compact manifolds [25, 38] , critical potential systems on compact manifolds [24, 26, 33] , and the Yamabe problem [8, 9, 34] .
We conclude the paper with a classification result for certain solutions of (7), namely, those generated by solutions of (4).
In other words, we provide an extension to k > 1 of the result established by Ghoussoub and Yuan for (4) 
, as can easily be seen from Lagrange multipliers.
The remainder of the paper is devoted to proofs of Theorems 1.1 and 1.2 in Sections 2 and 3, respectively.
Proof of Theorem 1.1
In this section we prove the decomposition into k-bubbles for Palais-Smale sequences associated with the energy functional E F ,G as described in the Introduction. We recall that a sequence (u α ) α in W 1,p 0 (Ω, R k ) is said to be Palais-Smale for
The proof of Theorem 1.1 requires the following seven steps.
Step 1. Palais-Smale sequences for E F ,G are bounded in W
Step 1 is used in the proof of the next step.
Step 2. Let (u α ) α be a non-negative Palais-Smale sequence for E F ,G . Then, up to a subsequence, (u α ) α converges weakly to u
0 is a non-negative weak solution of (5).
Step 3.
Let (u α ) α be a Palais-Smale sequence for E F ,G converging weakly to u
and (u α − u 0 ) α is a Palais-Smale sequence for I.
In what follows, we let K F (n, p) be a sharp constant for the potential-type Sobolev inequality
More precisely,
 . 
Barbosa and Montenegro proved that
Step 4. Let (v α ) α be a Palais-Smale sequence for I converging weakly to 0 in W
Step 5. Let u
R denotes the energy functional given by
Step
Step 6 is used in the proof of the next step.
Step 
and r α dist(x α , ∂Ω) → +∞ α → +∞.
For the moment, we postpone the proofs of Steps 1-7 to present the following proof. 
where
is a nontrivial solution of (7). By Steps 3 and 5, we obtain
We claim that this process stops after l steps. In fact, the preceding inequality and Step 4 furnish
Now we prove the seven steps.
Proof of Step 1. Let (u α ) α be a Palais-Smale sequence for E F ,G . Thanks to the homogeneity properties satisfied by F and G, we derive
so that
Since E F ,G (u α ) ≤ c for some constant c > 0 independent of α, we obtain
Furthermore, since F is continuous, by Holder's inequality, we easily deduce that
where c > 0, like all the constants below, is independent of α.
we also obtain
Noting by the continuity of G that
it follows from the above equations that
However, this clearly implies that (u α ) α is bounded in W
, which completes the proof of Step 1.
Proof of Step 2. By
Step 1 and the Sobolev embedding theorems, modulo a subsequence u α ⇀ u
, is endowed with the product norm. Since (u α ) α is a Palais-Smale sequence, we have
and the regularity and homogeneity conditions on F and G yield
as α → +∞. Conversely, the convergence of the first term of (11) 
According to the compactness,
and by a version of the Brézis-Lieb lemma for maps [5] ,
By setting v α = u α − u 0 and using (12)- (14), we can write
By the compactness and assumptions for G, the integral on the right-hand side goes to 0. In particular,
To show that (v α ) α is a Palais-Smale sequence for I, we note first that
implies the boundedness of (I(v α )) α . Arguing as in Step 2, we have
and
for any ϕ ∈ C
Combining Eqs. (12)- (14), (16) and (17), we compute
Using the fact that u 0 is a weak solution of (5), we can derive the desired result.
Proof of Step 4. By Step 1, it follows that
From these relations, we obtain
In particular, we derive β ≥ 0. By its compactness, we can assume
We assert that β = 0. Assume, by contradiction, that β > 0. Then
In other words, (v α ) α converges to 0 in W 1,p 0 (Ω, R k ), which completes the proof of Step 4.
Proof of Step 5. Let
be a nontrivial solution of (7) Then, it follows directly from (7) that
However, this clearly implies
We prove Step 6 using two lemmas. The first is the following weakened form of the divergence theorem presented by Mercuri and Willem [35] . 
Hereafter we denote H = {x ∈ R n : x n > 0}. The next lemma is inspired by Mercuri and Willem [35] and its proof proceeds in the same spirit. 
Then D n u := ∂ ∂x n u = 0 everywhere on ∂H.
be a weak solution of (18) . By the anti-reflection of u in R n \ H with respect to ∂H, we can extend u to a map v ∈ D 1,p (R n , R k ). Since F is even, it follows that v is a weak solution of (7). By [5, Lemma 2.5], we have
almost everywhere in R n . Thus, we can easily derive
Let B ρ be a ball of center 0 and radius ρ in R n . From Lemma 2.1, we have
Note that the right-hand side is bounded by Proof of Step 7. We prove Step 7 using three lemmas that are introduced during the proof. First, up to a subsequence, we can assume that I(v α ) → β as α → +∞. Moreover, by the density of C
and hence, by Step 4,
For t > 0, let
where B t (x) denotes the ball with radius t and center x in R n . It follows from (19) that µ α (t) > 0 and lim t→+∞ µ α (t)
Since v α is smooth, µ α (·) is continuous. Thus, for any λ ∈ (0, δ), there exists t α ∈ (0, +∞) such that µ α (t α ) = λ. There also exists y α ∈ Ω such that
In conclusion, we can choose x α ∈ Ω and r α such that the rescaling
where L ∈ N is such that B 2 (0) is covered by L balls of radius 1 centered on B 2 (0). According to (19) , there exists r 0 > 0 such that r α ≥ r 0 for all α. Of course,
Our first lemma is as follows.
Lemma 2.3. We haveṽ
Proof. To prove this claim, it suffices to verify its validity for Ω ′ = B 1 (x 0 ) for any x 0 ∈ R n . By Fubini's theorem, we have
By the mean value theorem, we obtain that there exists a radius ρ α ∈ [1, 2] Thanks to the definition of φ α , Eqs. (12) and (14) , the assumptions on F , the strong convergenceṽ α →ṽ 0 in L q (Ω, R k ) with q < p * , and Eqs. (9) and (22), we deduce that 
